981'''tfr*‘SYHNW088I 


18 


Mr. Glaisher, Addition to a Taper 


xli 4 i, 


Addition to a Paper on the Method of Least Squares (vol. xl. 
pp. 600-614). By J. W. L. Glaisher, M.A., F.R.S. 

§ 27. The expressions given in § 14 for ef, ef, &c., the 
squares of the mean errors of x 0 , y 0 , &c., admit of being trans¬ 
formed by means of the following theorem :— 

If D denote any determinant, and if D nhP denote the deter¬ 
minant formed from it by omitting the m th column and the p th 
row, and if D mn , pq denote that formed by omitting the 771 th and 
n th columns and the p th and rows, then 

BDjnn.p? = ~^m,p ^n,q ~^m,q ^n,p * 

Applying the theorem to the numerator of ef, and taking the 
m th and n th columns to be the first and last, and the p th and q th 
rows to be the first and last, we obtain the formula 
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in which the product of two determinants of p—i and p+i 
rows respectively is equated to the difference of the products of 
pairs of determinants each of which contains p rows. 

The value of (jn—p)e x 2 may therefore be written 


(bb), . . . (bf), (bn) 

(fb), • •. Of), On) 

(nb),. .. (nf), (mi) 


(ab), . . . (af), (an) 
(bb), . . . (bf), (bn) 
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the second term of which is the value of x 2 . 
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Nov. 1880. on the Method of Least Squares . 
! The first term may be written 
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■ iff) 
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■ («/) 
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(bn), (bb), . . 
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• («/) 
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(fa), (3), . . 

■ c ff) 


(A W, ... (ff) 

and therefore is equal to xf, where S is the value of x given by 
the equations 

(na)x + (nb)y . . . + (nf)t — (mi), 

. (ba)x+ (bb)y ... + (bf)t = (bn), 


(»+(/% • • • + UF)t = (», 
§ 28. Thus we see that 


€ :r * - 


_ ^*0(1 ^0) 


m—fj. 

f 2 _ 

m—jji 

e z 2 = &c. f 

where aj OJ y 0 , . . . are the most probable values of a?, y, ... ^ given 
by the normal equations, and £, rj, ;, . . . are the values of a, y , 
2, . . • given by the respective systems of equations, 
for £ 

+ (»&)y , . . + (nf)t = (nn), \ 

(ba)x + (bb)y . . . + (hf)t = (bn), 


for 




(f a ) x + (fb)y . . . +(ff)t = (fa), 

(aa)x + (ab)y ... +(af)t ~ (an), 
(na)x + (?ib)y . . . +(nf)t = (nn), 

(/<*> + (/% . . . + 050 * « 0 )> 


for <T, &c. 


Each of these systems of equations only differs from the system 
of ^normal equation by the substitution of 


(m)x + (nb)y . . . +(nf)t = (nn), .. 

C 2 
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! io Mr. Glaisher , Addition to a Paper xli. i 2 , 

i 

! for one of the equations, viz. in the ^-system (i), replaces the*firafc 
liquation 

(aa)x + (ab)y . . . +{af)t = (an); 

'oo 1 
1001 

Lih the ??-system, it replaces the second equation 
(ba)x + (bb)y . . . + (bf)t = {bn), 

and so on. 

These forms of the values of ej 2 , e y *, &c., are, so far as I 
know, new. 

§ 29. Applying the formulae of the last section to the 
numerical example in § 20, viz.:— 


y + 2z = 3, \ 
3x + 2y-$z = s, I 
4# + y +40 = 21, r 
- x + 3y+3z = 14, j 


the normal equations are 

27# + 6y = 88, \ 

6# + 15y + 0 = 70, r 

y+540 = 107, j 


$ is the value of x given by 

88j?+7o y+ 1070 - 671, ' 
6x + 1 Sy + 0 = 70, 

540 =: 107,. 

rj is the value of y given by 

27# + 6y = 88, ' 

88# + *joy + 1070 = 671 
y+ 540 = 107, , 

and '( is the value of z given by 

275?+ 6y = 88, 

6#+i5y + 0 = 70, 

88^+70^+1070 = 671, 



The values of x 0 , y 0 , z 0 given by (i) are 


x n = 


_ 49154 


y& = 


- g6l 7 


19899’ 737 

and solving (ii), (iii), (iv) we find 


_ 12707 

° 6633’ 


£ = 


6o74 2 = 9297 _ 24353 

24577* 2617’ 12707’ 


(i)» 



OiO- 


(iv). 
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Nov. 2&80. 


on the Method of Least Squares . 


Lnd therefore 


whence 


e 2 = 4 ? 1 54/60742_49154\ 
19899V24577 19899/ 
€ 2 = 2617 /9297 _ 26i7\ 

,y 737 V2617 737/ 

€ 2 = 12707 / 24353 i27Q7 \ 

6633 V12707 6633 / 


2 = I2944OO ■ 2 = 3200 e 2 = 656OO 

* (I 9899 ) 2 ’ " ( 737 )“’ * ( 6633 ) 2 ’ 


which agree with the values given by the ordinary process; 
for 
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(vv) 


19899* 
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whence 
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Vx 
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Pit 
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P: 
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§ 30. At first sight it would appear that £ x =o, e y =o, &c., if 
-as =0, yo=o, &c., respectively: this is not, however, the case, for 
if, say, x Q — o, t is infinite. This is evident, since x 0 can only 
"vanish if 

..=0; 


{an), ( ab ), . 

. . (af) 

{bn), (bb), . 

■ ■ m 

(/»). (fl) • 

■ • (//) 


this determinant forms the denominator of ?, and the numerator 
of £, by § 16, is expressible as a sum of squares, and cannot in 
general vanish. 

When a? 0 =o, the product xjt, is to be replaced by its value 


{nn), {nb), , 

. .. (»/) 

-T- 

(&&), (»6), . , 

■ W) 

{bn), (bb), . 

• ■ (V) 


(6a) > (66), . . 

• m 

(/»). C/»), • 

•. iff) ■ 


W, ifl)< ■ ■ 

■ m 


and if y 0 = o, &c., the products y 0 ?y, &c., are to be similarly 
"replaced. 
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Mr. Glaisher , Addition to a Paper etc. 


XLI. I, 


§ 3 1 * If or V=y 0 j &C-, then in general e x , e y9 &c., vanish. 

p or since 

(vv) = -(na)x 0 -(nb)y Q - . . . +(?m), 


we may regard x 0 as the value of x given by the equations 

(na)x + (nh)y . . . + (nf)t = (mi) — (vv),} 

(ba)x + (bb)y . . . +(bf)t = (bn), 


(fa)x + (fb)y... + (ff)t = (fn), 


VIZ., 


and 


*0 = — 
X7 
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(of) 
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(bn), 

(bb), . . . 
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CM 

• • • • 

(M • 

• l 

iff) 

1 = — 
vv 

(nn), (nb). 

■ • • (of) 

> 

V 

(bn), (bb), 

■ ■ ■ m 



(M(M 

...(//): 



so that if £=x 0 , 

(vv) (bb), (be), ... (jbf) = o, 

(cb), (cc), ... (of) 

(M {M ... Iff) 

the expression on the left-hand side of this equation, when mul¬ 
tiplied by v? being in fact the numerator of e x * in § 14. Thus, 
if l—x Q , then, unless the second factor vanishes, (W)=o and 
therefore ^=0, e 2 =o, &c., and y=y 09 £=z 0 , &c. If the second 
factor vanishes, since this determinant is a sum of squares, we 
must have 

= 0, 


K 


5 , 

. .. b m 


d 2 J 

C 3> 

• » • c m 

fv 

/..■ 

f 3) 

• * * fm 


and these conditions imply that the equations of condition do 
not involve the unknowns x 9 y ... t independently, i.e. the un¬ 
knowns so enter into the m equations of condition that no set of 
p equations, selected from them, affords determinate values of 
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Nov. 1880. 


Mr. Neison , No£e on- Hansen's Value etc. 


I As mentioned at the end of § 24, if 


(bb), (be), . 

■ ■ m 

(cb), (cc), . 

■■ Of) 

{flh i.fa ■ 

■ . . iff) 


then v=o and therefore also (rr)=o, so that the values of 
x 0 , y 0 , &c., 4V&c., &c., all assume the form 0-40. 

Thus, if any one of the equations 

= o, 77-y 0 = °> &<*•» 

is satisfied, in general all the others are satisfied, and e x1 e y , &c. r 
all vanish. The case of exception is when the equations of con¬ 
dition are not of a form which suffices to determine all the un¬ 
knowns, and then the whole process of solution becomes 
illusory. 


Note on Hansen 1 s Value of the Semi-diameter of the Moon . 

By E. Neison, Esq. 

In a Note in the Monthly Notices for November 1879 I have 
stated that, taking 57' o" for the value adopted by Hansen for 
the constant of parallax, the mean semi-diameter of the Moon, 
employed by him in his Tables de la Tune , is 15' 33"*47. This 
result follows from the data given by Hansen in the Introduction 
to his Tables : though it is not very easy from this source alone 
to determine the real value of the constants which he has 
adopted. 

In the Monthly Notices for June 1880 (page 482), Prof. 
Adams points out that the mean value of the sine of the equa¬ 
torial horizontal parallax employed by Hansen in his tables is 
really 57' 2 //, o8. This it seems was pointed out in 1837 by 
Hansen himsef in the Astronomische Nachrichten , vol. xvii. page 
299, in a paper which I had not seen until my attention was 
directed to it by Prof. Adams. The mean semi-diameter of the 
Moon employed by Hansen in his Tables de la Tune , therefore, is 
15' 34' *08, or is o"*61 greater than stated in my previous Note. 
All the values given therefore in this Note must be increased by 
o"*6i, but this correction will not affect the accuracy of the com 
elusions drawn therein as to the apparent value of the lunar 
semi-diameter in different instruments. The empirical formula 
will be : Moon’s semi-diameter= 

15 33*98+ 4’io1 + 070 x aperture in inches). 
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